We explicitly worked out the orbital effects induced on the trajectory of a test particle by the the weak-field approximation of the Kerr-de Sitter metric, which is a solution of vacuum f (R) field equations, in the Palatini formalism. It results that the node, the pericentre and the mean anomaly undergo secular precessions proportional to k, which is a measure of the non linearity of the theory. We used such theoretical predictions and the latest observational determinations of the non-standard precessions of the perihelia of the inner planets of the Solar System to put a bound on k getting k ≤ 10 −29 m −2 . The node rate of the LAGEOS Earth's satellite yields k ≤ 10 −26 m −2 . The periastron precession of the double pulsar PSR J0737-3039A/B allows to obtain k ≤ 3 × 10 −21 m −2 .
Introduction
The General Theory of Relativity (GTR) has passed with excellent results many observational tests, as Solar System and binary pulsars observations show (Ni 2005; Turyshev 2008) . As a matter of fact, the current values of the PPN parameters are in agreement with GTR predictions.
However, some observations seem to question the general relativistic model of gravitational interaction on larger scales. On the one hand, the data coming from the galactic rotation curves of spiral galaxies (Binney and Tremaine 1987) cannot be explained on the basis of Newtonian gravity or GTR: the existence of dark matter is postulated to reconcile the theoretical model with observations; furthermore, dark matter can explain the mass discrepancy in galactic clusters (Clowe et al. 2006 ). On the other hand, a lot of observations, such as the light curves of the type Ia supernovae and the cosmic microwave background (CMB) experiments (Riess et al. 1998; Perlmutter et al. 1999; Bennet et al. the action is varied with respect to metric tensor only; in the Palatini formalism the action is varied with respect to the metric and the affine connection, which are supposed to be independent from one another. In general, the two approaches are not equivalent. Actually, f (R) provide cosmologically viable models able to reproduce both the inflation phase and the accelerated expansion (see Amarzguioui et al. (2006) , Nojiri and Odintsov (2007) and references therein); furthermore, they have been used to reproduce the rotation curves of galaxies without need for dark matter (Capozziello et al. 2007; Frigerio Martins and Salucci 2007) . However, because of the excellent agreement of GTR with Solar System tests and binary pulsars observations, every theory that aims at explaining galaxies dynamics and the accelerated expansion of the Universe should reproduce GTR at the Solar System scale, i.e. in a suitable weak field limit. In other words, also for f (R) theories the constraint holds to have correct Newtonian and post-Newtonian limits. This issue has been lively debated in the recent literature; for a comprehensive review we refer to Sotiriou and Faraoni (2008) who discussed this problem in detail.
In this paper we are concerned with some peculiar post-Newtonian effects, i.e. the so called gravito-magnetic (GM) effects in f (R) theories of gravity. GM effects are due to the rotation of the sources of the gravitational field: this gives raise to the presence of off-diagonal terms in the metric tensor, which are responsible for a variety of effects concerning orbiting test particles, precessing gyroscopes, moving clocks and atoms and propagating electromagnetic waves (Mashhoon et al. 2001; Ruggiero and Tartaglia 2002; Schäfer 2004; Mashhoon 2007) . They are expected in GTR, but are generally very small and, hence, very difficult to detect (Iorio 2007a) . In recent years, there have been some attempts to measure the Lense-Thirring effect (Lense and Thirring 1918) with the LAGEOS and LAGEOS II laser-ranged satellites in the gravitational field of the Earth (Ciufolini and Pavlis 2004) ; the evaluation of the realistic accuracy reached in such a test and other topics related to it are still matter of debate (Iorio 2006a (Iorio , 2007b . For other attempts to measure the Lense-Thirring effect in other Solar System scenarios with natural and artificial satellites, see (Iorio 2007a) . In April 2004 the Gravity Probe B spacecraft (Everitt et al. 2001 ) was launched to accurately measure the gravito-magnetic (and geodetic) precession of an orbiting gyroscope (Pugh 1959; Schiff 1960) in the terrestrial space environment: the final results are going to be published. We focus on the GM effects in Palatini f (R) gravity (GM effects and other Post-Newtonian effects were obtained in metric f (R) gravity by Clifton (2008) ; the GM precession of an orbiting gyroscope was investigated by Ruggiero (2008) ): in particular we work out the GM effects in the weak-field and slow-motion approximation on the orbit of a test particle, working out explicitly the perturbations of the Keplerian orbital elements; furthermore, by using the EPM2004 (Pitjeva 2005a ) and EPM2006 (Pitjeva 2008 ) ephemerides, we put constraints on the parameter k, which is a measure of the non linearity of the theory.
The paper is organized as follows: in Section 2 we briefly review the field equations of Palatini f (R) gravity, while in Section 3 we work out the GM effects and their impact on the orbit of a test particle. Section 4 is devoted to the discussion and the conclusions.
Vacuum field equations of Palatini f (R) gravity
The equations of motion of f (R) extended theories of gravity can be obtained starting from the action:
The gravitational part of the Lagrangian is represented by a function f (R) of the scalar curvature R. The total Lagrangian contains also a first order matter part L mat functionally depending on matter fields Ψ, together with their first derivatives, equipped with a gravitational coupling constant χ = 8πG c 4 . In the Palatini formalism the metric g and the affine connection Γ are supposed to be independent, so that the scalar curvature R has to be intended as R ≡ R(g, Γ) = g αβ R αβ (Γ), where R µν (Γ) is the Ricci-like tensor of the connection Γ. By independent variations with respect to the metric g and the connection Γ, we obtain the following equations of motion:
where f ′ (R) = df (R)/dR, T µν is the matter source stress-energy tensor and ∇ Γ means covariant derivative with respect to the connection Γ (Capozziello and Francaviglia 2007; Sotiriou and Faraoni 2008) . Eq.
(2) can be supplemented by the scalar-valued equation obtained by taking the contraction of eq. (2) with the metric tensor:
where T is the trace of the energy-momentum tensor. Eq. (4) is an algebraic equation for the scalar curvature R: it is called the structural equation and it controls the solutions of eq. (2). We are interested into solutions of the field equation in vacuum, in particular outside a rotating source of matter: thus, the field equations become
and they are, again, supplemented by the scalar equation
For a given function f , the trace equation of eq. (7) is an algebraic equation for R which admits constant solutions R = c i . Then, it is possible to show that, under suitable conditions (Ferraris et al. 1993; Allemandi et al. 2005) , eq. (5)-eq. (6) reduce to
with k = c i /4, which are identical to GTR equations with a cosmological constant Λ:
in practice, it is Λ = k in our notation. Indeed, we may say that k is a measure of the non-linearity of the theory (if f (R) = R, eq. (7) has only the solution R = 0 → k = 0).
Accordingly, the vacuum solutions of GTR with a cosmological constant can be used in Palatini f (R) gravity: the role of the f (R) function is determining the solutions of the structural equation 1 . In particular, the Kerr-de Sitter solution, which describes a rotating black-hole in a space-time with a cosmological constant (Demianski 1973; Carter 1973; Kerr et al. 2003; Kraniotis 2004 Kraniotis , 2005 Kraniotis , 2007 , can be used to investigate GM effects in extended theories of gravity.
The Kerr-de Sitter metric in the standard Boyer-Lindquist coordinates x µ = (t, ρ, θ, φ)
has the form 2 
The mass of the source is M, while J is its angular momentum (which is perpendicular to the θ = π/2 plane). When k = 0 the Kerr-de Sitter metric given by eq. (9) reduces to the Kerr metric. Other limiting cases can be checked: for instance, when J = 0, we obtain the Schwarzschild-de Sitter solution, and when M = J = 0 we have the de Sitter space-time.
Gravito-magnetic field in Palatini f (R) gravity
In order to study GM effects a weak field approximation eq. (9) is sufficient; furthermore, it is useful to introduce the isotropic radial coordinate r denotes the defined as
where ρ is the standard Boyer-Lindquist radial coordinate. Then, up to linear terms in GM c 2 r , GJ c 3 r 2 , kr 2 , kJr cM , the metric is
In particular, it turns out that the off-diagonal, i.e. gravito-magnetic, components g 0i , i = 1, 2, 3 of the metric tensor of the weak-field approximation of the Kerr-de Sitter space-time are, in cartesian coordinates
In the weak-field and slow-motion linear approximation the spatial components of the geodesic equations of motions yielding gravito-magnetic accelerations are (Foster and Nightingale 1995) 
where h 0l = g 0l − η 0l = g 0l , l = 1, 2, 3. It can be straightforwardly showed that the terms not containing k yield the usual Lense-Thirring acceleration in cartesian coordinates (Soffel 1989 ). The components of the acceleration containing k in cartesian coordinates are
A y = 2GJk 3c 2 c 2 GM + 5 4
which can be cast into the vectorial form (Mashhoon 2007 )
where the gravito-magnetic field B is
with J directed along the z axis of an inertial frame centered in the central mass. We notice that the gravito-magnetic field consists of two contributions, the first one that is everywhere constant and parallel to J , the second one whose position and directions are position-dependent.
Furthermore, by defining the gravito-magnetic potential A as (Mashhoon 2007 )
and recalling that
it is possible to express the gravito-magnetic field B in terms of A as (Mashhoon 2007 )
In order to calculate the impact of eq. (21) on the orbit of a test particle, let us project it onto the radial (r), transverse (t) and normal (n) directions of the co-moving frame picked out by the three unit vectors 3 (Montenbruck and Gill 2000) r = cos ux + cos i sin uŷ + sin i sin uẑ,
t = − sin ux + cos i cos uŷ + sin i cos uẑ (28)
where i is the inclination of the orbital plane to the equator of the central mass and u = ω + f is the argument of latitude defined as the sum of the argument of the pericentre ω, which fixes the position of the pericentre with respect to the line of the nodes, and the true anomaly f which reckons the position of the test particle from the pericentre. Thus,
A n = A ·n = GJk 3c 2 5 + 2 c 2 r GM sin i sin uu;
they must be inserted into the right-hand-side of the Gauss equations (Bertotti et al. 2003) of the variations of the Keplerian orbital elements
where a, e, Ω and M are the semi-major axis, the eccentricity, the longitude of the ascending node and the mean anomaly of the orbit of the test particle, respectively, p = a(1 − e 2 ) is the semi-latus rectum and n = GM/a 3 is the un-perturbed Keplerian mean motion. By evaluating them onto the un-perturbed Keplerian ellipse
and averaging 4 them over one orbital period P b of the test particle by means of
it is possible to obtain the secular effects induced by eq. (21)
In the calculation we have neglected terms of order O(e 2 ).
The correction ∆P b to the orbital period P b due to eq. (21) can be calculated using the mean longitude
For small eccentricities eq. (36)-eq. (38) yield
By using eq. (30) it is possible to obtain, for e → 0,
so that
We will, now, put constraints on k from the corrections to the standard Newtonian/Einsteinian precessions of the longitudes of the perihelia ̟ = ω + cos i Ω of the inner planets of the Solar System, quoted in Table 1 , estimated by E.V. Pitjeva by fitting more than 400000 observations of various kinds with the EPM2004 (Pitjeva 2005a,b) and EPM2006 (Pitjeva 2008) ephemerides. No gravito-magnetic terms of any kind were included in the dynamical force models used, so that, in principle, they account for the effects investigated by us. For the spin angular momentum of the Sun we will use the value J ⊙ = (190.0 ± 1.5) × 10 39 kg m 2 s −1 determined from helioseismology (Pijpers 1998 (Pijpers , 2003 ,
i.e. independently of the planetary dynamics which we want to test. From
and Table 1 it is possible to obtain
In the case of the laser-ranged LAGEOS satellite (Smith and Dunn 1980) , orbiting at about 6000 km above the Earth's surface, by assuming J ⊕ = 5.85 × 10 33 kg m 2 s −1 (McCarthy and Petit 2004) and an uncertainty of the order of 1 cm or less (Lucchesi 2007) in reconstructing its orbit, which translates into an uncertainty in the nodal rate of δΩ ∼ 0.1 milliarcseconds per year, the bound which can be obtained from eq. (44) is k ≤ 4 × 10 −26 m −2 .
Concerning the double pulsar system PSR J0737-3039A/B (Burgay et al. 2003) , by assuming for the moment of inertia of A the value I ≈ 10 38 kg m 2 (Lorimer and Kramer 2005) , since its rotational period is 22 ms (Kramer et al. 2006 ) its angular momentum can be evaluated as J A = 2.8 × 10 40 kg m 2 s −1 . The overall uncertainty (including also the mismodelling in the usual 1PN term) in the periastron precession amounts to 0.03 deg yr −1 (Iorio 2009 ), so that eq. (45) and the system's parameters (Kramer et al. 2006 ) yield k ≤ 3 × 10 −21 m −2 .
Such bounds are not competitive with the ones which can be obtained from the Schwarzschild-de Sitter non-gravitomagnetic precession (Iorio 2006b; Sereno and Jetzer 2006; Jetzer and Sereno 2006; Ruggiero and Iorio 2007) . 
